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Abstract 

A particle is thrown tangentially on a surface. It is shown that for some surfaces and for special 
initial velocities the thrown particle leaves immediately the surface, and for special conditions it 
never leaves the surface. The conditions for leaving the surface is investigated. The problem is 
studied for a surface with the cross section y = f(x). The surfaces with the equations f(x) = 
—ax k (a, k > 0) is considered in more detail. At the end the effect of friction is also considered. 
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I. INTRODUCTION 



One of the standard problems in elementary mechanics is finding the point where an 
sliding particle on a frictionless sphere lose contact with the sphere^-. A particle at the top 
of a sphere with the radius R is thrown tangentially with the velocity Vq. The particle leaves 
the sphere immediately provided that vo > v c := y/Rg. For velocities less than v c it will 
move on the sphere and leave it later. A more realistic variation to this problem is to consider 
what happens when kinetic friction is present. This problem have been solved exactly^. The 
problem of sliding a particle on a sphere with friction by a perturbation expansion in the 
coefficient of sliding friction and also by an exact integration of the equation of motion is 
studied 6 . 

The motion of a particle on an arbitrary surface, provided that the particle's path is 
always in a vertical plane, is addressed in this article. It is shown that for some surfaces 
there is no initial velocity for which the particle leaves the surface immediately, and there 
are some other surfaces for which the thrown particle with any arbitrary nonzero initial 
velocity immediately leaves the surface. There are a surface for which depending on initial 
velocity the particle leaves the surface immediately or it never leaves the surface. And 
finally there are surfaces for which the particle never leaves the surface for any arbitrary 
initial velocity. The problem is studied for a surface with the cross section y = f(x). The 
case f(x) = —ax k (a, k > 0) is considered in more detail. At the end the effect of friction is 
also considered. The problem addressed in this article may be of interest in the framework 
of an undergraduate course in mechanics. 



II. PARTICLE SLIDING ON A PARABOLIC SURFACE 

As a simple example, let's first consider the motion of a particle on a frictionless parabolic 
surface with the cross section y = —ax 2 , where y axis is vertical and the x axis is horizontal. 
See figure 1. The particle's initial velocity is taken to be Vq > 0, and it is thrown in the 
x direction from the origin. Let's consider a circle whose radius is R passing through the 
origin, and is tangent to the parabola. The equation of the circle is 

x 2 + (y + R) 2 = R 2 . (1) 
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FIG. 1: 

A particle sliding on a parabolic plane 
At the vicinity of the origin the equation of the circle is 



-R + VR 2 - 



x 

2R' 



(2) 



If the second derivative of the two curves at the origin are the same, then the radius of 
the curvature of the parabola is the same as the radius of circle(-R). So the radius of the 
curvature of the parabola at the origin is R = — . The Newton equation of motion for the 
particle at the origin is 



rag — N 



R 



2amv 2 , 



N = m(g — 2o:Vq), 



(3) 



where is the normal force exer ted by the surface. N is positive provided that i>o be less 

than the critical velocity v c := \ — ■ What happens if i>o = v c 7 Let's assume there is no 

V 2a 

gx 2 2 q 

-ax . bo, 



surface. Then the particle's path is a parabola with the equation y 



2v 2 



if Vq = v c , the particle moves tangent to the parabola and N is always equal to zero. If 
the initial velocity vq > v c , the particle immediately leaves the surface, and if vq < v c the 
particle never leaves the surface. 
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III. PARTICLE SLIDING ON A SURFACE WHOSE CROSS SECTION IS y = f(x) 



Let's consider the motion of a particle on a frictionless surface whose cross section is 
y = f(x), where /(0) = 0. The particle is thrown from the origin with the velocity v 
tangential to the surface. Let's assume the particle leaves the surface at the point r^. At 
the point of the departure the force exerted by the surface should be equal to zero. Then at 
the point rd the components of the acceleration are 

^Ir d = 0, y\r d = -g. (4) 

Using the equation of the surface cross section y = f(x), as long as the particle moves on 
the surface, one may obtain 

V = xf'(x) 

y = xf'(x) + x 2 f"(x), (5) 

where prime means differentiation with respect to x. Using (rjj and (j3J) at the point of 
departure one arrives at 



** = n**)\—£r^- (7) 



-f"(x d y 

As it may be expected at the point where the particle lose contact, f"(xd) should be negative. 
So the surfaces for which at all points f"(x) > 0, there is no point of departure. If the 
particle's velocity at the point Xd is Vd then it will leave the surface 



" i = V -/•<*> ' ( ) 

If the particle is thrown from the origin with the velocity Vq tangential to the surface, and 
provided that the surface is frictionless, conservation of energy gives 

v 2 = v 2 -2gf(x). (9) 

Using (EH), knowing the function f(x), one may obtain the point of departure rd from 

f"(x d )(v 2 - 2gf(x d )) + g(l + f' 2 (x d )) = 0. (10) 



4 



The smallest solution of this equation for Xd, if there exists any, gives the point of departure. 
The function that solve f JTOj) for all Xd is a parabola, subject to the projectile motion. It 
should be expected since ( ITUj) is obtained setting N = 0. 

As an example let's consider the standard problem of finding the point where an sliding 
particle on a frictionless sphere lose contact with the sphere. Then 

x 2 + (y + Rf = R 2 , =► y = -R + VR 2 - x 2 , (11) 

where R is the radius of the sphere and origin is taken to be at the top of the sphere. Using 
(fit)]) , one arrives at 

Vd = + — . (12) 

y 3 3g K J 

A. example; f(x) = —ax k , (a,k > 0) 

Let's take f(x) = —ax k , (a,k > 0). We want to obtain the point of departure for 
different values of k. See figure 2. Equation ffTUj) recasts to 

a 2 gk(k - 2)xf~ 2 + av 2 k(k - l)x k d ~ 2 = g. (13) 

Xd is point where the curve A(x) := a 2 gk(k — 2)x 2k ~ 2 + av^k(k — l)x k ~ 2 crosses the line 
B(x) := g. 

1. k > 2 

For the case k > 2, f"(0) = 0, and the radius of curvature at x — 0, is infinite. Then at 
the origin for any arbitrary tangential initial velocity, iV = mg+my > 0. So it is not possible 
to throw the particle with any bounded initial velocity such that it leaves immediately the 
surface. If Vq = 0, the particle remains at rest at the origin. However x = is an unstable 
point. 

For k > 2, A(0) = 0, and A(x) is an increasing function of x. So the curve A(x) should 
cross the line B(x) = g. For any arbitrary small value of initial velocity vq ^ 0, the particle 
will leave the surface later. In figure 3 using ([H]) the minimum velocity needed to leave the 
surface, Vj, is plotted in terms of Xd- As it is seen at the origin Vd approaches to infinity 
which supports the above arguments. It is interesting to note that for k > 2, Vd has a 
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k > 2 



FIG. 2: 

The surfaces with the cross section y = —ax k . 




FIG. 3: 

minimum velocity needed to leave the surface, Vd, versus Xd- 



minimum in terms of Xd- It can be easily shown that at the point on the surface whose x 

i • / k-2 \l/(2fc-2) . . . 

component is (^p-J , Vd is minimum. 

There is another simple way to analyze the problem. The intersection of two plots for 
Vd and v = y v^ — 2gf(x) gives the point of the departure. In figure 4 three different initial 
velocities are considered. Particles with smaller initial velocities leaves the surface later. 



V 




FIG. 4: 

The intersection of two plots for and v = \/v'q + 2gax k (k > 2) is the point of departure. 
Three curves for three different initial velocities v%, V2, and V3 are plotted. 



2. k = 2 



The case k = 2 corresponds to a parabolic surface which we have considered earlier. If 
Vq = 0, the particle remains unstable at the origin. For this case A(x) = 2av$, and B(x) = g. 

If vq > v c := \ — upon throwing the particle immediately leaves the parabolic surface. If 
V 2a 

vq = v c the particle moves tangent to the parabolic surface and iV is always equal to zero. 
Finally if Vq < v c , the particle moves on the parabolic surface and it never leaves the surface. 



3. 1< k < 2 



For the case 1 < k < 2, \im x ^, f"(x) — > —00, and the radius of curvature at x — 0, is 
equal to zero. So if the particle moves on the surface, near the origin y — > —00, which means 
that N should be —00, which is impossible. So for any arbitrary nonzero value of initial 
velocity, the particle leaves immediately the surface. This should be expected as this curve 
is beneath the parabola which is subject to the projectile motion. If vq = 0, the particle 
remains unstable at the origin. 



7 



4- k = 1 



For this case A(x) = —a 2 g, and B(x) = g, never cross each other. In fact this case 
corresponds to an inclined plane. The particle which is thrown tangentially on the plane 
never leaves it. 

5. k < 1 

A(x) < and B(x) = g never cross each other. In this case f"(x) > for all x and 
according to ([6]) there is no point of departure. If vq = 0, the particle starts moving but 
never leaves the surface. 

IV. PARTICLE ON A SURFACE WITH FRICTION 

In this section we extend the problem to include frictional effects. The kinetic frictional 
force is assumed to be / = fiN opposing the motion in the tangent plane of the surface, 
where N is the normal force, and the coefficients of kinetic is [i. The coefficient of static 
friction is also assumed to be fi. 

We put the particle at the point xq on the surface. It is easy to show that at any point 
x on the surface where n > \f'(x )\, the particle remains there at rest. 

A. Example; f(x) = —ax k , (a,k > 0) 

Let's find the point at which if we put the particle, it will remain at rest. For the case 

/ \ l/(k— 1) 

k > 1, there is a point with x component a>i := f-^J on the surface. If the particle is 

put at any point x < a%, it will remain at rest on that point. For the case k < 1, there is a 

/ fr\V(i-*0 

point with x component a 2 := ( — J on the surface. If the particle is put at any point 

x > a 2 , it will remain at rest on the surface. 

1. k>2 

As we saw, it is not possible to throw the particle from the origin with any bounded 
initial velocity such that it leaves immediately the surface. If vq = 0, the particle remains 



S 



at rest at the origin. There is a critical velocity, v\ c . If vq < v\ c , the particle moves on the 

/ \ l/(k— 1) 

surface until it stops. At most it reaches the point whose x component is a\ := (^) 
and will be at rest there. When there is no friction the particles velocity is an increasing 
function and eventually it leaves the surface. See figure 4. When there exists friction then 
the mechanical energy is not conserved, and one should take into account the work done by 
friction. Then the velocity of the particle v is less than \/vq + 2gax k . So depending on \i 
and vq the two plots for v^{x) and v(x) may have no intersection. 



2. k = 2 

As it is shown if vq > v c := \ — upon throwing the particle, it immediately leaves the 

V 2a 

I g 

parabolic surface. There is another critical velocity v 2c which should also be less than W — . 

V 2a 

If Vq < V2c then the particle moves on the surface until it reaches to a point a[ < and 

will be at rest there. If Vi c < vq < v c , then the particle passes — , but it never leaves the 

2a 

surface. 



3. Kk<2 

For any arbitrary nonzero initial velocity the particle leaves immediately the surface. If 
the particle is put at any point x < a x := {^) 1 ^ k ^ on the surface, it will remain at rest 
on that point. 

4. k = l 

This case corresponds to an inclined plane. The particle may remains at rest provided 
that n > a. If the particle is thrown tangentially with any initial velocity, it will move on 
the plane for a finite time and eventually it will stop. If fj, < a the particle will slide on the 
plane forever. 
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5. k<l 



If the particle is thrown tangentially with any initial velocity, it will move on the plane 
for a finite time and eventually it will stop. 
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